Abstract. We prove that if K, L ⊂ R 2 are convex bodies such that L is symmetric and the Banach-Mazur distance between K and L is equal to 2, then K is the triangle.
Introduction
A set K ⊂ R n is called a convex body if it is compact, convex and with non-empty interior. A convex body K is centrally-symmetric (or just symmetric) if it has the center of symmetry. By ∂K we will denote the boundary of a convex body K. For a vector z ∈ R n let K z = K − z be a shift of K. If 0 is an interior point of K, then we define the polar body K • of K, as K • = {x ∈ R n : x, y ≤ 1 for every y ∈ K}, where ·, · denotes the usual scalar product in R n .
The Banach-Mazur distance is a fundamental notion of the geometry of Banach spaces and of the convex geometry. It is a multiplicative distance between normed spaces of the same dimension or a multiplicative distance between arbitrary convex bodies of the same dimension. We shall work in the context of convex bodies and in this case it is defined as d(K, L) = inf{r > 0 : K + u ⊂ T (L + v) ⊂ r(K + u)}. with the infimum taken over all invertible operators T : R n → R n and u, v ∈ R n .
As the Banach-Mazur distance has many interesting and important applications in the fields of convex and discrete geometry and also in functional analysis, this notion has been studied extensively for years by many authors. From the famous John's ellipsoid theorem (see [8] ) it immediately follows that d(K, L) ≤ n for all symmetric convex bodies K, L ⊂ R n . Gluskin in [2] , by using a sophisticated probabilistic construction, was able to show that this bound has asymptotically the right order: there exists a constant c > 0 such that, for every integer n ≥ 1, there are centrally symmetric convex bodies K n , L n ⊂ R n satisfying d(K n , L n ) ≥ cn. The exact value of the diameter for the symmetric case is known only for n = 2 and it is equal to 3 2 by a result of Stromquist (see [14] ).
Much less is known in the non-symmetric setting. John's ellipsoid theorem yields the estimate d(K, L) ≤ n 2 for all convex bodies K, L ⊂ R n . Rudelson in [13] has proved that the asymptotic order of this bound can be improved a lot. The exact value of the diameter is not known even for n = 2, but Lassak proved that d(K, L) ≤ 3 for all convex bodies K, L ⊂ R 2 (see [9] ). The best known lower bound is only linear in n. Challenges that are faced when dealing with the Banach-Mazur distance are well illustrated by the fact, that the exact distance between the three-dimensional cube and the octahedron is not known. It seems very likely and is supported by computational results that this distance is equal to 9 5 (see [15] ), but the proof is yet to be found. In light of these difficulties, it may come as a surprise that it is possible to determine explicitly the maximal possible distance between a symmetric convex body and an arbitrary convex body in every dimension n. In 1963 Grünbaum introduced a following variation of the Banach-Mazur distance for arbitrary convex bodies K, L ⊂ R n :
with the infimum taken over all non-degenerate affine images K and L of K and L respectively. Therefore, instead of sandwiching the affine copy of L between two positive homothets of K, we may use also the negative homothets as well. It is clear
Grünbaum has conjectured that the maximal possible distance is equal to n. It was confirmed more than 40 years later by Gordon, Litvak, Meyer and Pajor (see [3] ), who gave a short proof based on the John's decomposition in the general case, that shall be discussed in the next section of the paper. It is also not hard to prove that if L is a symmetric convex body and S n is the simplex in
arbitrary, then is one of K and L the simplex? The more general question is a conjecture of Jiménez and Naszódi stated in [7] . These authors have managed to establish a set of conditions that has to be satisfied in the case of the equality d G (K, L) = n. Based on them, they proved that if L is strictly convex or smooth (and is not necessarily symmetric) and d G (K, L) = n, then K is the simplex in R n . Their result is a broad generalization of a result of Leichtweiss who proved it in a special case of L being the Euclidean ball in R n (see [11] ). A different proof was provided much later by Palmon in [12] .
The goal of the paper is to provide a proof of the planar case of the conjecture of Jiménez and Naszódi under the assumption that L is symmetric. Our main result goes as follows Theorem 1. Let K and L be convex bodies in the plane such that L is symmetric. If d(K, L) = 2, then K is the triangle.
We were not able to prove in full generality that if K, L are arbitrary and d G (K, L) = 2, then one of K and L is the triangle. However, we have managed to prove that in many different configurations, depending on the John's decomposition for K and L. The full statement of our main result is quite technical and is presented in details at the beginning of the proof. We remark that, besides the result of Jiménez and Naszódi for strictly convex and smooth bodies, the only single case of our theorem that we know that was established before, is the case of L being the parallelogram. It was proved by Balla in [1] .
The paper is organized as follows. In Section 2 we introduce the John's decomposition in general case, that is the starting point of the proof of Theorem 1. Proof of our main result is presented Section 3. In the last section of the paper we provide some concluding remarks.
John's position of convex bodies
Let K, L ⊂ R n be arbitrary convex bodies. We say that K is in a position of maximal volume in L if K ⊂ L and for all affine images K of K contained in L we have vol(K ) ≤ vol(K). A classical technique used for upper-bounding the Banach-Mazur distance between two convex bodies, is to consider a position of maximal volume. Result of Gordon, Litvak, Meyer and Pajor provides us a set of precise conditions on so-called contact pairs when we consider the position of maximal volume. Their result is a broad generalization of the original line of reasoning of John in the Euclidean case. If K, L ⊂ R n are convex bodies we say that K is in John's position in L if K ⊂ L, and
and positive a i 's. We shall call (u i , v i ) the contact pairs. It is easy to prove that these conditions imply that a 1 + a 2 + . . . + a m = n.
These two positions of convex bodies are related by the following result:
Based on the John's decomposition theorem Gordon, Litvak, Meyer and Pajor were able to give a very short and elegant proof of the following result.
By combining these two results above one gets the inequality d G (K, L) ≤ n for arbitrary convex bodies K, L ⊂ R n , which confirms the conjecture of Grünbaum.
Proof of Theorem 1
To characterize the equality in the inequality d G (K, L) ≤ n for L strictly convex or smooth, Jiménez and Naszódi have carefully followed the estimates of Gordon, Litvak, Meyer and Pajor made in the proof of Theorem 3, to derive a set of conditions that have to hold in the case of equality. We state them in the form of a lemma.
Assume that x ∈ ∂L ∩ (−n∂K). Let w ∈ ∂K • be any vector such that x, w = −n. Let A = {i : u i , w < 1} and B = {i :
Proof. See Proposition 10 in [7] .
The following two lemmas also come directly from the paper of Jiménez and Naszódi. Especially the second lemma will be of special importance to us.
, appearing in the definition of John's position (see Section 2), can be choosed in such a way that
Proof. See Lemma 11 in [7] .
Note that in the John's position K ⊂ L there have to be at least n + 1 contact pairs
. The situation in which there are exactly n + 1 of them is quite special. Lemma 7. Suppose that K, L ⊂ R n are convex bodies such that K ⊂ L are in a John's position and there are exactly n + 1 contact pairs
Proof. Let a 1 , a 2 , . . . , a m be the corresponding weights, defined as in Section 2. The matrix with columns u 1 , u 2 , . . . u n+1 has the rank n as lin{u 1 , u 2 , . . . , u n+1 } = R n . Thus if the equality n+1 i=1 c i u i = 0 holds, then c i = ta i for some t ∈ R and every 1 ≤ i ≤ m.
For any x ∈ R n we have
By plugging x = u j for some 1 ≤ j ≤ n + 1, we get
. for i = j. By repeating the same argument for v i , we get
This proves that all numbers a 1 , a 2 , . . . , a n+1 are equal. Since their sum is equal to n, we have a 1 = a 2 = . . . = a n+1 = n n+1 . It follows that
and the lemma is proved.
Before proceeding with the proof of Theorem 1, we shall describe shortly our approach. A classical result of real analysis states that if f : R → R is a differentiable function and x 0 is a local maximum of f , then f (x 0 ) = 0. We can think of Theorem 2 as a very involved analogue of this well-known fact, taking place in a much more complicated setting. It gives us a set of necessary conditions that have to hold for a maximum of a mapping T → det(T ), under the constraint T (K) ⊂ L. If we would have a similar set of conditions not only for a maximum volume position, but also for a position that minimizes the Banach-Mazur or Grünbaum distance, then we can imagine that our state of knowledge in this field would be much greater. It seems that it can be very difficult to describe the minimal distance position of convex bodies in full generality. However, in the particular case of the equality d G (K, L) = 2, if we use conditions given in Lemma 4, then in most of the situations, we can prove by hand that we are not in minimum distance position. In other words, if K, L are different from the triangle, then in most configurations we can show directly how to find a small affine perturbation
Proof of Theorem 1. Let us suppose that K ⊂ L is in a position of maximal volume. Then, by Theorem 2 for some z ∈ int K, convex bodies K − z ⊂ L − z are in a John's position. Without loss of generality, we may suppose that z = 0. By Lemma 5 we can further assume that contact pairs
for every 1 ≤ i ≤ m. Then from Theorem 3 it follows that L ⊂ −2K. Clearly, the set ∂L ∩ ∂(−2K) contains some element x. Directly from Theorem 2 we have that 3 ≤ m ≤ 6. In our case however, if m would be at least 5, then one of the sets A, B, defined as in Lemma 4 for x, would have to contain at least 3 elements. If A would contain at least 3 elements, then by condition (3.3) some 3 of the vectors v 1 , v 2 , . . . , v m would lie on one line, contradicting the assumption (3.4). Similarly, if B would contain at least 3 elements, then according to its definition, some 3 of the vectors u 1 , u 2 , . . . , u m would lie on one line, also contradicting assumption (3.4) . In this way we have proved that m = 3 or m = 4.
As already mentioned in the introduction, we are going to prove a stronger statement than in the formulation of the theorem. Let s be the cardinality of the set ∂L ∩ ∂(−2K) (possibly s = ∞). We shall prove that
the triangle, with L not necessarily symmetric. 
Thus, the only case in which we have to assume that L is symmetric is the situation of four contact pairs in John's position K ⊂ L with exactly three contact points of the boundaries of L and −2K.
We start with the case (1). We can suppose that the contact points u 1 , u 2 , u 3 form the equilateral triangle. By Lemma 7 its center of the gravity is in 0 and the lines u 2 u 3 , u 3 u 1 , u 1 u 2 are parallel to supporting lines at u 1 , u 2 , u 3 respectively. For simplicity let us denote a = −2u 1 , b = −2u 2 , c = −2u 3 . Then we have a chain of inclusions
In particular every contact point of ∂L and ∂(−2K) belongs to the perimeter of the triangle abc. We shall consider different possibilities for the contact points of ∂L and ∂(−2K).
Let us suppose first that all these contact points lie in the interior of the sides of the triangle abc. If x is such a contact point lying in the interior of the side ab then clearly the whole segment [a, b] is contained in ∂(−2K). Moreover, the only supporting line to −2K in x is the line ab. Therefore, by Lemma 6 each side has to contain at least one contact point. But then −2K contains segments [ab], [bc], [ca] in the boundary and hence −2K = conv{a, b, c}. In this case the conclusion follows. Now we shall consider the case in which there is exactly one contact point of ∂L and ∂(−2K) that belongs to the set {a, b, c}. Suppose that it is c. Note that there is some point of contact x ∈ ∂L∩∂(−2K) that belongs to the side ab. Otherwise, the convex hull of ∂L • ∩ ∂(−2K) • would not contain 0, which would contradict Lemma 6. Suppose that x belongs to the interior of the side ab. Then 
According to Lemma 6, this will give us that d G (L, K) < 2, which yields the desired contradiction. An affine image L will be a small perturbation of L and is defined as follows. We consider u 3 as the center of the coordinate system and we perform a linear transformation T on L defined as
where ε > 0 and the factor f (ε) > 1 is such that the points u 1 , u 2 are mapped outside the triangle abc. Thus, T shrinks L in the vertical direction and elongates it in the horizontal direction. See Figure 2 . Note that there is some positive distance between u 2 and ∂(−2K) and between u 3 and ∂(−2K). There is also some positive distance between ∂L and a and between ∂L and b as we have assumed that a, b do not belong to L. Therefore, by choosing ε small enough, we can guarantee that the image L of L will still be contained in −2K. Moreover, the part of L that is below the horizontal line u 1 u 2 will be covered by L . As K does not have any points above this line we also have K ⊂ L . In this way, we have reduced the contact point c and therefore the origin does not belong the convex hull of a set ∂(L ) • ∩ ∂(−2K) • contained now in the interior of the segment [a, b] . This gives a desired contradiction and conclusion follows. We want to use similar argument as before, but we are constrained by the fact that now there is no space between [b, c] and the boundary of −2K. We begin therefore by shifting both K and L to the left along the horizontal direction (while keeping −2K stationary) using the map: (x, y) → (x − ε, y). We obtain convex bodies K ⊂ L (see Figure 4 ). Note that K ⊂ −2K for sufficiently small ε. Moreover, the part of L that is below u 1 u 2 will also be contained in −2K for small ε, as there is some positive distance from ∂(−2K) to the part of L between u 2 and u 3 . Triangle u 1 u 2 c may not be contained in −2K, as c can be outside. We want to find an affine image L = T (L ) of L such that K ⊂ L ⊂ −2K. We consider u 3 as a center of the coordinate system and we suppose that the segment [u 1 , u 2 ] is of the unit length. We perform a linear transformation T defined as
By a straightforward calculation, one can easily check that T (c ) is an interior point of the segment [a, c] and that the triples of points (T (c ), u 1 , T (u 1 )), (T (c ), u 2 , T (u 2 )) are collinear (see Figure 5 ). For sufficiently small ε > 0, the convex body L will not meet the boundary of −2K on the left. We started however, by shifting L to the left by ε and then elongating in the horizontal direction. We need therefore, to check carefully that L and the boundary of −2K will not meet to the right for an appropriate ε. We shall do it by simple means of the analytic geometry. We have
We need to check that
we have that sup (x,y)∈L x = r < 1. Let us fix (x 0 , y 0 ) ∈ L ∩ conv{u 3 , b , u 1 }). Then 
which combined with the inequality −εy 0 ≤ 0 yields
Adding this with the inequality (3.5) we obtain Again, we will find and affine image L of L such that K ⊂ L ⊂ −2K and contact points are reduced. Note that an affine image of the trapezoid bcu 2 u 3 is an arbitrary trapezoid with the ratio of the bases equal to 2. Consider an affine mapping T : R 2 → R 2 such that: Affine map T shrinks the trapezoid in the direction determined by the bases and elongates it in the perpendicular direction (see Figure 7) . For sufficiently small ε > 0, the part of L between u 2 and u 3 is still contained in −2K. Thus, L ⊂ −2K and we are left with proving the other inclusion. The triangles u 2 u 1 u 3 and u 1 u 3 b are still contained in L . Moreover, for ε approaching 0 the line u 2 u 2 approaches the line ac. Hence, for some small ε, this line is contained in the angle determined by rays u 2 c and the ray parallel to , going out from u 2 . It means that the line u 2 u 2 is supporting to K in u 2 , which proves that K ⊂ L . All contact points of the boundaries of L and −2K are now in the half-open segment [b, a). According to Lemma 6, this gives us that d G (K, L) < 2, which contradicts our assumption. In this way, we have handled all different possibilities in the situation of three contact points in the John's position of K ⊂ L and the case (1) is proved.
Assume now that d G (K, L) = 2 and there are 4 contact pairs (u i , v i ) 1≤i≤4 in the John's position K ⊂ L. Let us assume that u 1 , u 2 , u 3 , u 4 are vertices of a convex quadrilateral in this order. We start with some general observations. According to Lemma 6, we have that 0 ∈ conv (∂L • ∩ ∂(−2K) • ) . Therefore, there are at least two contact points of the boundaries L and −2K. Let x ∈ ∂L ∩ ∂(−2K). Let w ∈ K • be such that x, w = −2. From condition (3.4) it follows that both sets A x and B x , defined as in Lemma 4, are 2-element sets. Suppose that A x = {u i , u j } and B x = {u k , u l }. According to Lemma 4, we have
In particular, x is the intersection of the lines determined by v i and v j . Therefore, if x ∈ ∂L ∩ ∂(−2K) and x = x, then clearly A x = A x and also B x = B x . Moreover, it is clear that w is parallel to the line determined by u k , u l . Segments [x, u i ], [x, u j ] are contained in the boundary of L. We claim that also the segment [u k , u l ] is contained in the boundary of K. Indeed, if − x 2 is an interior point of the segment [u k , u l ] then our claim is obvious. If x = −2u k or x = −2u l , then by the previous observations, the line determined by u k , u l is supporting to K at u k or u l and we arrive at the same conclusion.
The lines determined by v 1 , v 2 , v 3 , v 4 have at most six intersection points, but no five of them can lie in a convex position. Therefore, there are at most four contact points of the boundaries of L and −2K. Let us start with the case in which there are exactly four of them.
Supppose that ∂L • ∩ ∂(−2K) • = {x 1 , x 2 , x 3 , x 4 }. Note that for each 1 ≤ i ≤ 4 vector u i belongs to at most 2 different sets A x j . Indeed, let us assume that for example
so that the points x 1 , x 2 , x 3 are collinear. Thus, the whole segment [x 1 , x 2 ] is contained in the boundaries of L and −2K, which contradicts the fact that there are only 4 contact points. See Figure 8 . 4 ] ⊂ ∂K and in the same way we see that K = conv{u 1 , u 2 , u 3 , u 4 }. We conclude that both K and L are quadrilaterals. Thus, we can use a result of Lassak (see [10] ): the Banach-Mazur distance between two convex quadrangles is at most 2 and the equality holds if and only if one of them is the parallelogram and the other one is the triangle. So in this case conclusion follows.
We are left with two different possibilities: if there are two or three contact points of the boundaries of L and −2K. Let us first assume that there are two such contact points x and y.
Suppose that A x = {u 3 , u 4 } and B x = {u 1 , u 2 }. From Lemma 6 it follows that there are two parallel supporting lines of L and −2K passing through x and y. From previous observations we see that there are parallel to the line u 1 u 2 . It follows that the line determined by two points in B y is parallel to u 1 u 2 . Since B y = B x , we conclude that B y = {u 3 , u 4 }. Quadrilateral with vertices u 1 , u 2 , u 3 , u 4 is therefore a trapezoid.
Consider the parts of ∂L between u 1 and u 4 and between u 2 and u 3 . They are at some positive distance to ∂(−2K) as x, y are the only contact points of ∂L and ∂(−2K). See Figure  9 . Our aim is to find an affine copy T (L) = L of L such that K ⊂ L ⊂ −2K and the number of contact points of ∂L ∩ ∂(−2K) is reduced to 0. For this purpose we consider any affine mapping T : R 2 → R 2 satisfying the following conditions:
• lines T (u 1 )T (u 2 ), T (u 3 )T (u 4 ) are parallel to lines u 1 u 2 , u 3 u 4 and are lying between them,
See Figure 10 . Similar reasoning as we have used before shows that for sufficiently small ε > 0 such an affine mapping T exists and also K ⊂ L ⊂ −2K. Moreover, ∂L ∩ ∂(−2K) = ∅. This yields a desired contradiction in this case. In this way we have proved the case (2).
We move to the last case, in which there are three contact points between ∂L and ∂(−2K). Unfortunately, in this situation, we have to assume aditionally that L is symmetric. But for a moment let L still be arbitrary. Let ∂L ∩ ∂(−2K) = {x 1 , x 2 , x 3 } and let w i ∈ K be such that x i , w i = −2 for 1 ≤ i ≤ 3. Note that A x i = {u 1 , u 3 } for each 1 ≤ i ≤ 3. Otherwise, the segment [u 1 , u 3 ] would be contained in the boundary of K, but it is impossible, as it is a diagonal. For the same reason A x i = {u 2 , u 4 } for each 1 ≤ i ≤ 3. Without loss of generality, we can therefore assume that 4 , as we have already observed that there is a unique vector w 1 ∈ K such that x 1 , w 1 = −2, which is parallel to u 3 u 4 and is in particular different from v 3 or from v 4 . For the same reason x 2 = −2u 2 , x 2 = −2u 3 , x 3 = −2u 1 and x 3 = −2u 2 . It means that x 1 , x 2 , x 3 lie in the interiors of the segments contained in the boundary of −2K. See Figure 11 for an illustration of this configuration.
Let 1 , 2 , 3 be supporting lines to L and −2K at the points x 1 , x 2 , x 3 respectively. That is, 1 u 3 u 4 , 2 u 2 u 3 , 3 u 1 u 2 . Suppose first that 1 , 3 are parallel. The quadrilateral u 1 u 2 u 3 u 4 is in this case a trapezoid. We shift both K and L by a small vector in the direction 1 and away from 2 , obtaining convex bodies K and L . Because there is a positive distance between part of ∂L contained in conv{u 2 , u 3 , x 4 } and the boundary of −2K, for a shift that is small enough we will have K ⊂ L ⊂ −2K with x 1 , x 3 as contact points of the boundaries of L and ∂(−2K). From this moment, we can use exactly the same argument as in the case with two points of contact between the boundaries of L and −2K. We obtain an affine copy T (L ) such that both contact points x 1 , x 3 disappear and this is again a contradiction with Lemma 6 and the assumption d G (K, L) = 2. In other words, the case 1 3 reduces to the previous one. See Figure  12 .
If the intersection of lines 3 and 3 lies in the other side of 2 than K and L, the argument gets even easier. In this case, after performing a small shift of K and L in the direction determined by 1 , the points x 2 , x 3 will move away from the boundary of −2K. Thus, the number of contact points of L and −2K is reduced to one, which again gives a contradiction with Lemma 6. See Figure 13 . Therefore, the only interesting case is when 1 and 3 do intersect in the same side of 2 as K and L are contained. This configuration is demonstrated in Figure 11 . In this case it is not clear how to transform L to reduce the contact points. However, if we assume aditionally that L is symmetric, then it becomes apparent that L has to be the parallelogram. Indeed, let o be the center of symmetry of L. The reflection 2o − x 1 belongs to the boundary of L and it has a supporting line parallel to 1 . Looking at the boundary of L we see that the only suitable point is x 3 . Thus, o is the midpoint of the segment [x 1 , x 3 ]. Moreover, the reflections of the segments [x 1 , x 2 ] and [x 2 , x 3 ] are also in the boundary and it is clear that they have to be mapped to [x 3 , x 4 ] and [x 1 , x 4 ] respectively. Thus L = {x 1 , x 2 , x 3 , x 4 } is the parallelogram and this case was already covered by Balla in [1] . This finishes proof of the theorem.
Concluding remarks
In the proof of Theorem 1 we were able to show, that in most of situations, if K ⊂ L are in the John's position, then we can find a small affine perturbation L of L such that K ⊂ L ⊂ −rK + v for some r < 2. We can therefore say that, in some sense, our reasoning was local. It is not clear, if such a local reasoning is enough for the case of 4 contact pairs in the John's position of K and L and 3 contact points of L and −2K. It would be very interesting to know, if for this remaining case, the same strategy could be applied or some different approach is necessary. It is also well possible, that there are some convex bodies K and L, both different from the triangle, such that d G (K, L) = 2. . By performing a small shift to the right along the 1 we can reduce the contact point x 2 and we are able to apply the same reasoning as in the previous case.
In such case, the counterexample could be as simple as some convex quadrilateral and convex pentagon. We also remark that if our goal was to prove the theorem only for centrally-symmetric L, some steps of the proof could be simplified. At this moment, our approach seems to be too complicated to be used in higher dimensions in the full generality. But it seems possible that for some particular cases, the idea of lowering the distance by a small affine perturbations could be applied.
There are still many open and interesting questions concerning Banach-Mazur distance, even in the planar case. One natural question that seems particularly important for understanding the structure of the Banach-Mazur compactum is the following: what is the isometry group of the Banach-Mazur compactum? This question could be asked in the symmetric case, in the general case and also for the variant of the Grünbaum distance. Similar results for the Hausdorff distance and the symmetric-difference distance were established (see [4] and [5] ), but the case of the Banach-Mazur distance seems much harder, even in the two-dimensional setting. It seems plausible that the identity and the dual map should be the only isometries in the symmetric case and the identity should be the unique isometry in the non-symmetric case and for the Grünbaum distance. Figure 13 . Position of convex bodies K ⊂ L ⊂ −2K, with x 1 , x 2 , x 3 as contact points of the boundaries of L and −2K and with the intersection of 1 and 3 to the left of 2 . By performing a small shift to the right along the 1 we reduce contact points x 2 , x 3 and we reach a contradiction immediately.
